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ABS TRACT 

The abso rp t ion  of  r a d i a t i o n  by molecular  bands is c a l c u l a t e d  wnen 

t h e  sou rce  emits i t s  ene rcy  i n  d i s c r e t e  s p e c t r a l  l i n e s .  The r e s u l t s  are com- 

pa red  wi th  t h o s e  f o r  a blackbody source.  The abso rp t ion  of flame r a d i a t i o n  

by t h e  molecular  bands o f  an  absorbing medium i s  d e r i v e d  for a number of 

d i f f e r e n t  c o n d i t i o n s  when t h e  s p e c t r a l  l i n e s  do n o t  ove r l ap .  These r e s u l t s  

are t h e n  extended t o  t h e  case when t h e  ove r l app ine  of  t h e  s p e c t r a l  l i n e s  i n  

e i t h e r  t h e  sou rce  o r  abso rbe r  can be desc r ibed  e i t h e r  by t h e  E l s a s s e r  model 

o r  by t h e  s t a t i s t i c a l  model. When t h e  same s p e c t r a l  l i n e s  a r e  involved i n  t h e  

emiss ion  and abso rp t ion  p rocesses ,  t h e  absorp tance  of  flame r a d i a t i o n  i s  always 

g r e a t e r  t han  t h e  absorp tance  o f  blackbody r a d i a t i o n  by t h e  same medium. A l l  

of  t h e  above r e s u l t s  are de r ived  both for t h e  case when t h e  absorb ing  medium 

is homogeneous and when t h e  p re s su re ,  t empera ture  and,amount of  absorb ing  g a s  

v a r y  a long  t h e  pa th .  
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. 
I . I n t r o d u c t i o n  

The problem of t h e  t ransmiss ion  by t..e atmosphere o f  r a d i a t i o n  from a 

cont inuous  blackbody source  has  been s t u d i e d  e x t e n s i v e l y  i n  t h e  l i t e r a t u r e  

f o r  a w i d e  v a r i e t y  o f  c o n d i t i o n s  (e.g. r e f e r e n c e  1). When t h e  sou rce  is a 

flame or o t h e r  subs t ance  which emits r a d i a t i o n  i n  d i s c r e t e  s p e c t r a l  l i n e s ,  

t h e  t r a n s m i t t a n c e  o f  t h i s  r a d i a t i o n  through a gaseous medium may be v e r y  

d i f f e r e n t  t han  when a blackbody source i s  used. 

of flame r a d i a t i o n  by t h e  atmosphere is a problem of c o n s i d e r a b l e  p r a c t i c a l  

importance,  it h a s  n o t  been d i scussed  t o  any a p p r e c i a b l e  e x t e n t  i n  t h e  pub- 

l i s h e d  l i t e r a t u r e .  

Although t h e  t r a n s m i s s i o n  

I n  Sec t ion  I1 a g e n e r a l  theorem is der ivkd  which re la tes  t h e  abso rp tance  

of f lame r a d i a t i o n  t o  t h e  absorp tances  of t h e  sou rce  and abso rbe r  media COR- 

s i d e r e d  s e p a r a t e l y  as w e l l  as t h e  absorp tance  of t h e s e  two media considered 

a s  cel ls  i n  series. The l a t t e r  q u a n t i t y  was cons idered  i n  d e t a i l  i n  an a r t i c l e  

which w i l l  be r e f e r r e d  t o  as I. 

t o g e t h e r  wi th  many of  t h e  equa t ions  from I. 

so t h a t  t h e  r e a d e r  should  f irst  s tudy  I. 

2 

The same n o t a t i o n  i s  used i n  t h e  p r e s e n t  a r t i c l e  

T h i s  material is n o t  r e p e a t e d  h e r e ,  

The absorp tance  of  flame r a d i a t i o n  e m i t t e d  by a s e r i e s  o f  nonoverlappinF 

s p e c t r a l  l i n e s  and absorbed by t h e s e  same s p e c t r a l  l i n e s  i n  t h e  gaseous  medium 

i s  s t u d i e d  i n  Sec t ion  111. IIumerous examples i l l u s t r a t e  t h e  d i f f e r e n c e s  be- 

tween t h e  absorp tance  o f  flame r a d i a t i o n  and t h a t  from a blackbody source ,  

S i m i l a r  r e s u l t s  are de r ived  i n  Sec t ion  IV when t h e  s p e c t r a l  l i n e s  o v e r l a p  and 

can be r e p r e s e n t e d  e i t h e r  by t h e  Elsasser or  t h e  s t a t i s t i c a l  rrodel. The problem 

o f  t h e  a b s o r p t i o n  of flame r a d i a t i o n  by t h e  molecules  alone, a n  a t n o s p h e r i c  s l a n t  

p a t h  i s  d i scussed  i n  Sec t ion  V. 
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11. General R e s u l t s  about t h e  Absorptance of Flame Radia t ion  

The r a d i a t i o n  e m i t t e d  a t  a p a r t i c u l a r  frequency v by a source  of l i n e  

r a d i a t i o n  ( i n d i c a t e d  by t h e  s u b s c r i p t  1) is given by - 

where I 

c o e f f i c i e n t  of t h e  ith a b s o r p t i o n  l i n e ,  and u 

p e r  u n i t  area. 

The i n t e g r a l  of E q ,  (1) over  a l l  f r e q u e n c i e s  g i v e s  t h e  t o t a l  i r r a d i a n c e  o f  

t h e  l i n e  sou rce  .of r a d i a t i o n ,  

i s  t h e  s p e c t r a l  i r r a d i a n c e  of a blackbody, k ( i )  i s  t h e  a b s o r p t i o n  

i s  t h e  mass of e m i t t i n g  pas 
b P 

P - 
An e x p r e s s i o n  f o r  k ( i )  i s  g iven  by Eqs. ( 2 )  and ( 3 )  of  I. 

1 

The abso rp tance  of t h i s  l i n e  r a d i a t i o n  by ano the r  medium is  d e f i n e d  a s  

t h e  r a t i o  of t h e  i n t e n s i t y  of  t h e  beam which emerges from t h e  absorb ing  medium 

t o  t h e  i n t e n s i t y  i n c i d e n t  upon t h e  medium, Thus t h e  abso rp tance  i s  g iven  by 

,fAv [ l -exp(-&k( i )up  1 9  I [ l -exp(  -$kLi)ua) l dv  

> A =  
Cl-exp( -1k' )up 1 Id  v 

Av i t  

( 2 )  

where t h e  s u b s c r i p t  - a r e f e r s  t o  the abso rb ing  medium, Av is t h e  f requency  i n -  

t e r v a l  cons ide red ,  and t h e  f a c t o r  Ib has  been assumed t o  vary  s lowly  i n  t h e  

i n t e r v a l  Av and t h e r e f o r e  h a s  been removed from t h e  i n t e g r a l s  and cance led ,  

The s p e c t r a l  l i n e s  i n  t h e  frequency i n t e r v a l  A V  a r e  numbered i n  o r d e r  with t h e  

index  i. - - o i '  

f o r  t h e i r  l i n e  e n t e r s .  The l i n e s  i n  t n e  e m i t t i n p  and absorb inF media may have 

d i f f e r e n t  i n t e n s i t i e s .  If  a s p e c t r a l  l i n e  occur s  i n  one medium, but n o t  i n  

a n o t h e r ,  it i s  e n t e r e d  wi th  z e r o  i n t e n s i t y  i n  t h e  sum f o r  t h e  l a t t e r  medium. 

S p e c t r a l  l i n e s  wi th  t h e  same va lue  of i have t h e  same f requency  v 

I f  r a d i a t i o n  from a blackbody source  is  absorbed by t h e  paseous molecules 

of t h e  e m i t t i n g  medium, then  i t s  absorp tance  A is P 
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A Av = j Cl-exp(-Ikp( i ) ~ g  ) ]dv. 
A V  i P ( 3 )  

S i m i l a r l y  t h e  abso rp tance  Aa of t h e  a b s o r b i q  medium f o r  r a d i a t i o n  from a black-  

body source i s  

If r a d i a t i o n  from a 

t h e  e m i t t i n g  medium 

( 4 )  = f [ I  -ex?( -Ikai)ud) ( ldv.  
3 

A V  i 

blackbody source i s  absorbed first by t h e  molecules of 

and then  by t h o s e  i n  t h e  abso rb ing  medium, t h i s  is  i d e n t i c a l  

t o  t h e  case of t h e  a b s o r p t i o n  o f  r z d i a t i o n  by twz c e l l s  ir! ser ies  as st1Jdied 

i n  d e t a i l  i n  I ,  The abso rp tance  of both media for blackbody r a d i a t i o n  i s  

where V? i s  t h e  e q u i v a l e n t  width of two ce l l s  i n  series as de f ined  by C q s .  (1) 

and ( 2 9 )  o f  I. 

The absorptance A of r a d i a t i o n  from a l i n e  sou rce  can be w r i t t e n  from 

E q s .  ( 2 )  - ( 5 )  a s  

This  ve ry  Eene ra l  r e s u l t  r e l a t e s  (I t o  t h e  abso rp tances  (b .p  and Aa) of t h e  

g a s e s  composing t h e  l i n e  source and t h e  abso rb ing  material  each considerec! 

s e p a r a t e l y  and t h e i r  combined absorptance A for blackbody r a d i a t i o n .  S ince  

a l l  of t h e s e  e x p r e s s i o n s  have been d e r i v e d  p r e v i o u s l y  for many d i f f e r e n t  con- 

d i t i o n s ,  it i s  o f t e n  a s imple m a t t e r  t o  c a l c u l a t e  t h e  abso rp tance  o f  l i n e  

r a d i a t i o n .  Equation ( 6 )  i s  v a l i d  f o r  any l i n e  shape,  any frequency i n t e r v a l  

Av, and any v a r i a t i o n  of t h e  l i n e  spac inp ,  i n t e n s i t y ,  or half-width w i t h i n  t h e  

band. 

Pa 



I t  i s  i n t e r e s t i n g  t o  rewrite E a .  ( 6 )  i n  terms o f  t h e  t r a n s m i t t a n c e  T .  

We f i n d  t h a t  

where 

and s i m i l a r l y  f o r  t h e  o t h e r  t r ansmi t t ances .  

. wlleri .L a l i n e  

T h i s  equa t ion  i s  v a l i d  i n  t h e  l i m i t  

source  becones a hlzckbody source .  By d e f i n i t i o n  a l l  r a d i a t i o n  

i n c i d e n t  upon a blackbody i s  absorbed so t h a t  T = = 0. 

111. Nonoverlapping S p e c t r a l  Lines 

When t h e r e  i s  no a p p r e c i a b l e  ove r l app inp  of t h e  s p e c t r a l  l i n e s ,  r e s u l t s  

can r e a d i l y  be d e r i v e d  f o r  t h e  fou r  l i m i t i n g  cases which correspond t o  a l l  

p o s s i b l e  coinbinations of  desc r ib ing  t h e  source  and t h e  abso rbe r  r e s p e c t i v e l y  

by t h e  weak o r  t h e  s t r o n g  l i n e  approximations.  

tance of  a s i n g l e  medium i n  t h e  weak and s t r o n r  l i n e  l i p i t s  a r e  well known (e,r. 

reference 3 ) .  The e q u a t i o n s  for  t h e  absorp tance  when blackbody r a d i a t i o n  p a s s e s  

through both  media i n  ser ies  are de r ived  i n  I .  

The e x p r e s s i o n s  €or  t h e  absorp-  

When both  t h e  sou rce  and absorber  can be desc r ibed  by t h e  weak l i n e  ap- 

proximat ion ,  it f o l l o w s  from E a .  ( 6 )  t o E e t h e r  w i th  Ea. (10) of I t h a t  

s u  2 a a  
A =  = x  a 9 ( 8 )  

1t( Bp /B,) 

where 

x = Su/2na, 

B = 2na /d ,  
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a i s  t h e  ha l f -wid th ,  and d i s  t h e  mean l i n e  spac ing  (which c a n c e l s  ou t  o f  

a l l  e q u a t i o n s  for nonoverlapping l i n e s ) .  

o t h e r  e q u a t i o n s  of t h i s  s e c t i o n  a r e  w r i t t e n  f o r  a s i n g l e  l i n e  on ly ,  s i n c e  

t h e  absorp tance  can be c a l c u l a t e d  s e p a r a t e l y  f o r  each nonoverlapping l i n e  and 

then  averaged ove r  t h e  a p p r o p r i a t e  f requency  i n t e r v a l .  I t  i s  i n t e r e s t i n g  

t o  no te  t h a t  Ea.. ( 0 )  i s  independent of t h e  amount of e m i t t i n p  g a s  i n  t h e  l i n e  

source .  When t h e  weak l i n e  approximation i s  v a l i d ,  t h e  sane  f r a c t i o n a l  p a r t  

of t h e  r a d i a t i o n  is absorbed by t h e  second medium f o r  any amount of  e m i t t i n g  

gas .  

For convenience,  Eq. ( 8 )  and t h e  

When bo th  t h e  source  and absorber  can be desc r ibed  by t h e  s t r o n g  l i n e  

approximat ion ,  it fo l lows  from Eq.  ( 6 )  t o p e t h e r  wi th  Eq .  ( 1 5 )  o f  I t h a t  

When t h e  sou rce  can be desc r ibed  by t h e  weak l i n e  approximation and t h e  

a b s o r b e r  by t h e  s t r o n g  l i n e  approximation,  it fo l lows  s i n i l a r l y  from Eq. ( 1 9 )  

of I t h a t  

where 

and 

-2 2 2 n = 2B = s a u /na P B a X a  a a a  P O  

The fo l lowing  l i m i t i n g  forms a r e  o f t e n  convenient  
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and 

When t h e  sou rce  can be desc r ibed  by t h e  s t r o n g  l i n e  approximation and 

t h e  abso rbe r  by t h e  weak l i n e  approximation,  it f o l l o w s  from E q .  ( 2 5 )  of I 

t h a t  

where 

The l i m i t i n g  forms are 

A = 2xa, 

and 

5 <<  1, 

5 >> 1. 

(14) 

( 1 5 )  

The fo l lowing  examples i l l u s t r a t e  t h e  v a r i a t i o n  of t h e  absorp tance  under  

v a r i o u s  cond i t ions .  The v a r i a t i o n  of t h e  abso rp tance  as a f u n c t i o n  of x 

is  shown i n  Fig. 1 when t h e  l i n e  source  can be desc r ibed  by t h e  weak l i n e  ap- 

proximat ion  ( x  1 
v a r i o u s  v a l u e s  of q = Ba/B ,  , 

proaches  a l i m i t i n g  v a l u e  as q becomes l a r g e .  This  i s  known as t h e  weak l i n e  

l i m i t  and o c c u r s  when t h e  p re s su re  i n  t h e  r e g i o n  where t h e  abso rbe r  molecules  

o c c u r  i s  much l a r g e r  t h a n  t h e  p re s su re  where t h e  l i n e  emit ter  molecules  occur  

( B  >> Bl ) .  For any p a r t i c u l a r  va lue  of o_ t h e  absorp tance  a t  first i n c r e a s e s  

l i n e a r l y  wi th  x . 

a 

may have any va lue  less  t h a n  0.2). Curves are given f o r  

For a piven v a l u e  of  xa, t h e  absorp tance  ap- 

a 

If q < 1 t h e r e  i s  a l s o  a r eg ion  where t h e  absorp tance  i n -  
a 
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L 
creases as x 

x 

approximation.  

. If a_ > 1, t h e  absorp tance  is  n e a r l y  complete whenever a 

> 2 ,  i.e. when t h e  absorb ing  medium can be  d e s c r i b e d  by t h e  s t r o n g  l i n e  a 

The absorp tance  as a func t ion  of a 2 xa is shown i n  F ip ,  2 when t h e  l i n e  

sou rce  can be desc r ibed  by t h e  weak l i n e  approximation ( x ,  may have any v a l u e  

less t h a n  0.2). The uppermost l i m i t i n g  curve  on t h i s  p l o t  is t h e  s t r o n g  l i n e  

l i m i t .  

a s  xaa . The absorp tance  v a r i e s  a s  xa2  on ly  when x p  C 0.2 and x 

a t  t h e  same time when t h e  s p e c t r a l  l i n e s  i n  t h e  absorb ing  medium comple te ly  

absorb  a l l  of t h e  i n c i d e n t  r a d i a t i o n  a t  t h e i r  l i n e  c e n t e r s ,  wh i l e  t h e  r a d i a t i o n  

from t h e  l i n e  source  is s u f f i c i e n t l y  b road ly  d i s t r i b u t e d  i n  f r eauency  t o  p rov ide  

s i g n i f i c a n t  r a d i a t i o n  a t  a l l  f r e q u e n c i e s  where t h e  l i n e  i n  t h e  absorb ing  medium 

When q < 1, t h e r e  i s  a reg ion  of t h -  absorp tance  curve  which v a r i e s  

- I I 
> 2 and a 

i s  capab le  of i n t e r a c t i n g  wi th  t h e  i n c i d e n t  r a d i a t i o n ,  t h u s  r e q u i r i n g  q = B a / B P < <  1. 

An i l l u s t r a t i v e  example when t h e  l i n e  sou rce  is r e p r e s e n t e d  by t h e  s t r o n g  

l i n e  approximation (x, = 100) is shown i n  Fig.  3.  The abso rp tance  i s  p l o t t e d  

as a f u n c t i o n  of qLx . 
l i m i t .  

The main d i f f e r e n c e  between t h e s e  two f i g u r e s  l i e s  i n  t h e  numer ica l  va lues .  

is n e c e s s a r y  t o  have cons ide rab ly  l a r g e r  v a l u e s  of xa i n  t h e  p r e s e n t  case i n  

order t o  have t h e  same absorp tance  as shown i n  Fig.  2. This  is because t h e  

l i n e  source  a t  t h e  same p r e s s u r e  is e m i t t i n g  t h e  r a d i a t i o n  o v e r  a cons ide rab ly  

wider f requency  i n t e r v a l  when xI = 100  than  when xp < 0.2. I n  o r d e r  t o  absorb  

t h e  r a d i a t i o n  e f f i c i e n t l y  when x1 = 100  e i t h e r  t h e  p r e s s u r e  i n  t h e  abso rb ing  

medium must be cons ide rab ly  l a r p e r  t h a n  t h a t  i n  t h e  emitter o r  t h e r e  must be 

a l a r g e  amount of abso rb ing  gas .  The absorp tance  cu rves  i n  F ips .  2 and 3 are 

i d e n t i c a l  when q = 100,  i.e. t h e  l i n e s  of  t h e  absorb ing  molecules  are s u f f i c i e n t l y  

broadened t o  absorb  e f f i c i e n t l y  over  t h e  spectrum of emi t t ed  f r e q u e n c i e s .  

Again t h e  uppermost l i m i t i n p  curve  is t h e  s t r o n g  l i n e  
a 

The same remarks which are r i v e n  f o r  Fip.  2 a l s o  app ly  t o  t h i s  case .  

I t  

On t h e  
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o t h e r  hand, i f  q = 0.1, t h e  absorptance equa l s  0.1 i n  Fig.  2 when x 

but  it e q u a l s  0.1 i n  Fig. 3 on ly  when xa = 120.  

xa is r e q u i r e d  i n  t h e  l a t t e r  case  in  o r d e r  t o  produce t h e  same absorptance.  

= 0.7, a 

The ve ry  much l a r g e r  va lue  of 

How much more e f f i c i e n t l y  does a l i n e  absorber  absorb  t h e  r a d i a t i o n  

from a l i n e  sou rce  compared t o  a blackbody source?  

t a n c e  of a l i n e  sou rce  t o  t h a t  o f  a blackbody source  is p l o t t e d  i n  Fig.  4 

as a func t ion  o f  x . Two c a s e s  a r e  shown: 

p a r t i c u l a r  v a l u e s  q = 1 and 8,  = 0.0314 were chosen. 

be meaningful it is important  t o  use t h e  c o r r e c t  equa t ions  f o r  t h e  absorp tance  

o v e r  a f i n i t e  f requency i n t e r v a l  as  t a b u l a t e d  i n  r e f e r e n c e  4. O f  course it is 

assumed t h a t  t h e  l i n e  c e n t e r s  o f  t h e  e m i t t i n g  and absorb inp  molecules  co inc ide ,  

a l though t h e i r  i n t e n s i t i e s  and half-widths  may be d i f f e r e n t .  I t  i s  seen from 

Fig.  4 t h a t  t h e  absorp tance  f o r  a l i n e  source is  always g r e a t e r  t han  t h a t  for 

a blackbody source  f o r  t h e  same cond i t ions  i n  t h e  absorb inp  medium. The mole- 

c u l e s  can absorb  most e f f i c i e n t l y  a t  j u s t  t hose  f r e q u e n c i e s  where t h e  r a d i a t i o n  

i s  p r e f e r e n t i a l l y  e m i t t e d  by t h e  source.  

by a l i n e  abso rbe r  i s  compared f o r  a l i n e  source anG blackbody source  under 

c o n d i t i o n s  such t h a t  t h e y  a r e  e m i t t i n g  equa l  amounts of  power i n  a Fiven f r e -  

quency i n t e r v a l ,  a g r e a t e r  amount of r a d i a t i o n  i s  always absorbed from t h e  

l i n e  source .  F igure  4 shows t h a t  under some c o n d i t i o n s  t h a t  t h i s  may be a 

s i g n i f i c a n t l y  g r e a t e r  amount of r a d i a t i o n .  

IV. Overlapping S p e c t r a l  L ines  

The r a t i o  of  t h e  absorp- 

(1) x R  < 0.2; ( 2 )  x p  = 10. The 
a 

For t h i s  c a l c u l a t i o n  t o  

Thus i f  t h e  a b s o r p t i o n  of r a d i a t i o n  

The g e n e r a l  r e s u l t s  of Sect ion I1 rep resen ted  by Eqs. ( 6 )  and ( 7 )  are 

e q u a l l y  a p p l i c a b l e  when t h e  spectral  l i n e s  over lap .  

s t i t u t e  p r e v i o u s l y  de r ived  expres s ions  f o r  band absorp tance  i n t o  t h e s e  equa t ions  

i n  o r d e r  t o  s tudy  t h e  absorp tance  of r a d i a t i o n  from a l i n e  e m i t t e r  by over lapping  

s p e c t r a l  l i n e s .  

In  t h i s  s e c t i o n  we sub- 
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A. Elsasser model 

When t h e  s t r o n g  l i n e  approximation is v a l i d ,  t h e  absorp tance  i n  a s i n g l e  

absorbing medium o f  r a d i a t i o n  from a blackbody source  f o r  an Elsasser band is  

wi th  a s imilar  expres s ion  f o r  AI. 

When t h e s e  e x p r e s s i o n s  a r e  s u b s t i t u t e d  i n t o  Eq. ( 6 )  t o g e t h e r  w i th  t h e  va lue  o f  

*la 

The f u n c t i o n  4 is  de f ined  a f t e r  Ea_. (10). 

ob ta ined  from Ea_. (47 )  o f  I ,  we f i n d  t h a t  

where 

The v a r i a t i o n  of t h e  absorp tance  f o r  an Elsasser band as a f u n c t i o n  of 
1. 

x, - - (i B:x is  shown i n  Fig. 5. For a piven v a l u e  of x t h e  absorp tance  
a a 

i s  always g r e a t e r  f o r  a l i n e  source than  f o r  a blackbody source ,  

t h e  absorp tance  for both  s o u r c e s  is n e a r l y  t h e  same. 

p ing  of t h e  s p e c t r a l  l i n e  i s  s u f f i c i e n t  t o  make t h e  l i n e  source  n e a r l y  i d e n t i c a l  

t o  a blackbody source.  

i n  t h e  absorp tance  o f  r a d i a t i o n  from a l i n e  sou rce  compared t o  a blackbody source .  

The curves  i n  t h i s  f i g u r e  a r e  only v a l i d  when both  t h e  source  and abso rbe r  

media can be desc r ibed  by t h e  s t rong  l i n e  approximation,  

When x p  > 1, 

I n  t h i s  case t h e  over lap-  

However, when x < 1, t h e r e  may be l a r g e  d i f f e r e n c e s  
1 

B. S t a t i s t i c a l  Model 

The d e r i v a t i o n  of an express ion  for t h e  t r a n s m i t t a n c e  of  r a d i a t i o n  from 

a l i n e  source  when t h e  s t a t i s t i c a l  model is v a l i d  f o l l o w s  t h e  same s t e p s  as  

t h e  d e r i v a t i o n  f o r  a blackbody source (e.g.  r e f e r e n c e  5). For t h i s  model t h e  

e x p r e s s i o n s  f o r  t h e  t r ansmi t t ance  are somewhat less cumbersome t o  write than  
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t h o s e  f o r  t h e  absorp tance .  

from Ea_. ( 1 7 )  of  r e f e r e n c e  5 t h a t  t h e  t r a n s m i t t a n c e  is 

I'or a l i n e  source  - t  f o l l o w s  from Eq. ( 2 )  and 

where N s p e c t r a l  l i n e s  occur  i n  t h e  f requency  i n t e r v a l  Av. 

e x p r e s s e s  t h e  p r o b a b i l i t y  d i s t r i b u t i o n  f u n c t i o n  of t h e  i t h  s p e c t r a l  l i n e .  

t h i s  expres s ion  for t h e  t r a n s m i t t a n c e  is eva lua ted  as i n  t h e  u s u a l  d e r i v a t i o n  

f o r  t h e  s t a t i s t i c a l  model, it is found t h a t  

The q u a n t i t y  P : S ( i ) )  

When. - 

5 

where 

The q u a n t i t y 7  is t h e  t r a n s m i t t a n c e  of an i s o l a t e d  s p e c t r a l  l i n e  over  t h e  f r e -  

quency i n t e r v a l  Av and is averaped over  t h e  d i s t r i b u t i o n  o f  l i n e  i n t e n s i t i e s  

w i t h i n  t h i s  same f requency  i n t e r v a l .  

When t h e  number of s p e c t r a l  l i n e s  N i s  l a r g e ,  t h e  q u a n t i t i e s  which appear  

i n  Eq.  (20) can be approximated by an exponen t i a l5  so t h a t  

1 - exp (-Wt/d) 
c -  

vhere  W a ,  W 

d i s t r i b u t i o n  f o r  t h e  absorb ing  medium, t h e  e m i t t i n g  medium, and t h e  two media 

and y are t h e  equ iva len t  wid ths  averaged over  t h e  i n t e n s i t y  9' Pa 

i n  series r e s p e c t i v e l y .  
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When t h e  s t a t i s t i c a l  model i s  v a l i d ,  t h e  abso rp tance  f o r  a l i n e  sou rce  

can r e a d i l y  be found from e i t h e r  L a .  (20) or Cq. (22) and t h e  a p p r o p r i a t e  

expres s ion  f o r  t h e  e q u i v a l e n t  width o f  a s i n E l e  s p e c t r a l  l i n e ,  k!. 

medium ( e . g .  r e f e r e n c e  5 )  

For  a s i n g l e  

where 

I and I are t h e  Uessel f u n c t i o n s  of i naF ina ry  a r g m e n t .  For r a d i a t i o n  which 

passes i n  ser ies  through t h e  source nedium and t h e  absorbing medium. t h e  e q u i v a l e n t  

width 1.i 

(191 ,  and ( 2 5 )  of I. 

0 1 

f o r  a s i n g l e  s p e c t r a l  l i n e  can be o b t a i n e d  from E q s .  ( 7 ) ,  (lo), (151, (17), 
l a  

Tor example, when bo th  me6ia can be r e p r e s e n t e d  by t h e  weak l i n e  approximation,  

t h e  t r a n s m i t t a n c e  can be ob ta ined  from e i t h e r  Cq. ( 2 0 )  or ( 2 2 )  wi th  

t o r e t h e r  with a similar exnres s ion  f o r  ill and wi th  W p  

of I .  

l i n e  i n c l u d e s  t e rm th rouch  y. . 

o b t a i n e d  from Eq.  (10) a 

I n  t h i s  l a t t e r  equa t ion  t h e  symbol f o r  t h e  e q u i v a l e n t  width of a s i n r l e  
2 

On t h e  o t h e r  hand when both media can be r e p r e s e n t e d  by t h e  s t r o n p  l i n e  

approximation,  W P a  i s  o b t a i n e d  from Eq. ( 1 5 )  of I .  

V. S l a n t  Path Absorption 

I n  t h e  p rev ious  s e c t i o n s  it has been assumed t h a t  t h e  absorbing medium 

i s  homoeeneous. 

v a r y  a long  t h e  p a t h ,  t h e  t r ea tmen t  becomes more complicated.  llowever, t h e  sane 

me thod’as  i s  used i n  t h e  precedinp s e c t i o n s  can be combined wi th  t h e  u s u a l  t r e a t -  

:Jhen t h e  p r e s s u r e ,  t empera tu re ,  and amount of absorbinF g a s  
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ment f o r  t h e  abso rp t ion  of blackbody r a d i a t i o n  a lonp  a s l a n t  pa th .  6 

The absorp tance  of r a d i a t i o n  f r q m  a l i n e  sou rce  by sbso rb ing  molecules  

alonp: a s l a n t  p a t h  i s  de f ined  by 

where t h e  i n t e p r a l  ove r  u is alonp: t h e  s l a n t  pa th .  

and l e t  

If we d e f i n e  A by Ea. ( 3 )  P 

and 

where t h e  prime i n d i c a t e s  t h a t  t h e  q u a n t i t i e s  a r e  e v a l u a t e ?  a lonp  a s l a n t  path.  

rrom Eqs, ( 3 ) ,  (261,  (271, and ( 2 8 )  it fo l lows  t h a t  

which has  t h e  same form a s  Eo ,  ( 6 ) .  

A’ a long  a s l a n t  pa th  are known6 which a r e  v a l i d  under many d i f f e r e n t  c o n d i t i o n s ,  

t h e  absorp tance  for a l i n e  source  can be obtained. immediately from E q .  (29,  when- 

e v e r  A’ is  a l s o  known, 

S ince  many expres s ions  f o r  t h e  absorp tance  

a 

Pa 
Ac tua l ly  all of  t h e  d e r i v a t i o n s  G €  A 

111, and I V  o f  r e f e r e n c e  I can be r epea ted  when A’ is g iven  by C q .  ( 2 8 )  i n s t e a d  

of E q ,  ( 5 ) .  These g e n e r a l i z a t i o n s  a r e  so s t r a i p h t f o r w a r d  t h a t  on ly  a f e w  r e s u l t s  

a r e  summarized here .  

which are Fiven i n  S e c t i o n s  11, 
Pa 

Pa 

When t h e  weak l i n e  approximation i s  v a l i d  f o r  both t h e  e m i t t i n g  and absorb- 

i ng  media, an expansion of t h e  exponen t i a l  shows t h a t  C q .  ( 7 )  o f  I is  s t i l l  v a l i d .  
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\:'hen terms through t h e  second o r d e r  are r e t a i n e d ,  E a .  (10) of I is  rep laced  

5 y 

du ¶ 

a 
( 3 0 )  

where S 

p a t h ,  

and a are cons ide red  as  f u n c t i o n s  of u as t h e y  va ry  a long  t h e  s l a n t  a d 

Thus from E q s .  ( 3 ) .  (291,  and (30) w e  f i n d  f o r  t h e  absorp tance  

U 

du . (31) 
A lJ a YU) 

0 Q +a ( u ?  
R a  

When both r e g i o n s  can be r ep resen ted  by t h e  s t r o n r  l i n e  approximation,  

t h e  same d e r i v a t i o n  as l e a d  t o  Eq.  ( 1 5 )  o f  I shows t h a t  

2 
A' = (Ag ( 3 2 )  l a  a ]  

which can be w r i t t e n  e x p l i c i t l y  as 

U a 1 

A '  Av = 2 ( S  p P P .  a u +I Saaadu): 
0 

ea ( 3 3 )  

by t h e  use  of t h e  u s u a l  s t r o n p  l i n e  expres s ions .  3,6 

When t h e  e m i t t i n g  and absorbing media can be r e p r e s e n t e d  by t h e  weak l i n e  

and s t r o n g  l i n e  approximations r e s p e c t i v e l y ,  t h e  same d e r i v a t i o n s  which l e a d  

t o  E q ,  (19) of I shows t h a t  

where 

and 4 is def ined  a f t e r  Eq.  (10). Thus t h e  abso rp tance  from E q .  ( 2 9 )  is  
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When t h e  e m i t t i n p  medium can be r e p r e s e n t e d  by t h e  s t r o n g  l i n e  approximation 

and t h e  abso rb ing  medium by t h e  weak l i n e  approximation,  Cq. ( 2 5 )  of I is s t i l l  

v a l i d  i f  t h e  a p p r o p r i a t e  expres s ion  fo r  s l a n t  p a t h  abso rp tance  is used  fo r  t h e  

e q u i v a l e n t  width i n  t h e  second medium. 

The ove r l app inp  o f  t h e  s p e c t r a l  l i n e s  can e a s i l y  be t aken  i n t o  account  

when t h e  s t a t i s t i c a l  model is valic?. The e x p r e s s i o n s  d e r i v e ?  i n  t h i s  s e c t i o n  

for t h e  abso rp tance  of a s i n p l e  spectral  l i n e  are merely s u b s t i t u t e d  i n t o  

e i t h e r  Ea_. ( 2 0 )  o r  E a .  ( 2 2 ) .  

The e q u a t i o n s  fo r  t h e  E l s a s s e r  node1 can a l s o  be pene ra i i zed  for a b s o r p t i o n  

alonp; an atmospheric  s l a n t  path.  

i s  v a l i d ,  t h e  same d e r i v a t i o n  as l e a d  t o  Cq. ( I + G )  of I shows t h a t  

For  example, when t h e  straw l i n e  approximation 

A 1 1  of t h e  e c u a t i o n s  i n  t h i s  s e c t i o n  can a l so  be Eene ra l i zed  t o  i n c l u d e  

t h e  case when t h e  e m i t t i n g  Tedium is n o t  homogeneous. Since t h e  d e r i v a t i o n s  

are e x a c t l y  t h e  same a s  f o r  t h e  equa t ions  a l r e a d y  d i s c u s s e d ,  t h e s e  r e s u l t s  are 

no t  e q 1  i c i t i y  ? r e s e n t e d  here .  

V i .  Conclusions 

The a b s o r p t i o n  of r a d i a t i o n  f r o n  a source  composed of a d i s c r e t e  number 

of s p e c t r a l  l i n e s  h a s  been c a l c u l a t e d  f o r  a number of d i f f e r e n t  c o n d i t i o n s .  

F i r s t  of a l l  it was shown t h a t  t h e  abso rp tance  of flame r a d i a t i o n  can be r e l a t e d  

by Cq. ( 6 )  t o  t h e  i n d i v i d u a l  aksorptance v a l u e s  for blackbody rac‘,iation of 

t h e  e m i t t l n r  and absorbing media t o p e t h e r  w i th  t h e i r  abso rp tance  when cons ide red  

as two c e l l s  i n  series. 

I;’hen t h e  ove r l app ing  of t h e  s p e c t r a l  l i n e s  can be n e F l e c t e d ,  t h e  abso rp tance  
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of flame r a d i a t i o n  is g iven  by Eqs. (81, ( 91, ( l o ) ,  and (13)  . 
p ing  can be r e p r e s e n t e d  by t h e  E l s a s s e r  model, t h e  abso rp tance  is given  by 

Eq. ( 1 7 ) .  The abso rp tance  f o r  t h e  s ta t i s t ica l  model can be found from Eq. (20 )  

o r  ( 2 2 ) .  

When t h e  over lap-  

When t h e  p r e s s u r e ,  t empera tu re ,  and c o n c e n t r a t i o n  of  t h e  absorb ing  gas  

v a r y  a long  t h e  p a t h ,  t h e  absorp tance  of  flame r a d i a t i o n  can be o b t a i n e d  from 

Eqs. (291,  ( 3 1 ) ,  (331, (341,  (36), and (37 ) .  

When t h e  same s p e c t r a l  l i n e s  are involved  i n  t h e  emiss ion  and a b s o r p t i o n  

p r o c e s s e s ,  it is  shown t h a t  t h e  absorp tance  of  flame r a d i a t i o n  is always 

grea te r .  t h a n  t h e  absorp tance  of  blackbody r a d i a t i o n  by t h e  same mecium. 

r a d i a t i o n  is absorbed most e f f i c i e n t l y  n e a r  t h e  l i n e  centers of  t h e  abso rb ing  

molecules  which c o i n c i d e  wi th  t h e  f r e q u e n c i e s  a t  which t h e  r a d i a t i o n  is  pre-  

f e r e n t i a l l y  emi t t ed  by t h e  l i n e  source.  

The 



- 16 - 
REFERENCES 

1, J, A. Jamieson, R, M. McFee, G. N ,  P l a s s ,  R. H. Grube, R. G. R ichards ,  

I n f r a r e d  Phys ic s  and Engineer ing (McGraw-Hill Book Company, I n c , ,  New 

York, 1963) ,  pp. 43-101. 

3. G. N ,  P l a s s ,  J. Opt. SOC. Am, 50, 868 (1960) .  

4, 

5, G. N ,  P l a s s ,  J. Opt. SOC. Am. 48,  690 (1958) .  

6. G. N. P l a s s ,  Applied Op t i c s  2, 515 (1963).  

- 
P. J, Wyatt, V. R. S t u l l ,  G,  N. P l a s s ,  J. Opt. SOC. Am. - 52, 1209 (1962).  

- 



- 1 7  - 

Capt ions  f o r  F igu res  

Fig. 1, 

s p e c t r a l  l i n e s  as a f u n c t i o n  of x 

fers t o  t h e  absorb ing  medium. 

itself c m  he represented by the weak l i n e  approximat ion  (x! < 0.2). 

f o r  v a r i o u s  v a l u e s  of  q = B / $  a r e  shown, 

weak l i n e  l i m i t .  

The abso rp tance  of r a d i a t i o n  from a l i n e  s o u r c e  by nonover lapping  

= S u /2naa ,  where t h e  s u b s c r i p t  a re- 

These cu rves  are v a l i d  when t h e  l i n e  sou rce  by 

a a a  - 

Curves 

The uppermost l i m i t i n g  curve  is  t h e  
a 1  

-. f i g ,  2. 

l i n e s  as a f u n c t i o n  o f  q xa. 

i t s e l f  can be r e p r e s e n t e d  by t h e  weak l i n e  approximat ion  ( x  

most l i m i t i n g  curve  is t h e  s t r o n g  l i n e  l i m i t .  

The abso rp tance  of r a d i a t i o n  from a l i n e  s 2 u r c e  by nonoverlapping s p e c t r a l  

2 These cu rves  are v a l i d  when t h e  l i n e  sou rce  by 

0.2). The upper+  P 

Fig. 3. 

s p e c t r a l  l i n e s  as a f u n c t i o n  of  q xa, 

l i n e  source by i tself  can be  r ep resen ted  by t h e  s t r o n g  l i n e  approximat ion ,  

The abso rp tance  o f  r a d i a t i o n  from a l i n e  s o u r c e  by nonoverlapping 

2 Since  it is assumed t h a t  xI  = L O O ,  t h e  

The 

uppermost l i m i t i n g  curve  is t h e  s t rong  l i n e  l i m i t .  

Fig. 4. The r a t i o  of t h e  absorp tance  for  a l i n e  s o u r c e  t o  t h e  abso rp tance  for  

a blackbody source  as a f u n c t i o n  of xa. I t  is assumed t h a t  q = 1 and$)  = $, - - 
0,0314. For one cu rve ,  x < 0.2, and, f o r  t h e  o t h e r  cu rve ,  x p  = 10. I t  is 

assumed t h a t  t h e  s p e c t r a l  l i n e s  do n o t  ove r l ap .  
I 

Fig. 5,  The abso rp tance  of r a d i a t i o n  from a l i n e  source  by a band of s p e c t r a l  

l i n e s  which obeys t h e  Elsasser model as a f u n c t i o n  o f  xa = ( 2  f3a2xa)a . For  a 

g iven  va lue  of xa t h e  abso rp tance  is always g r e a t e r  t h a n  t h a t  from a blackbody 

source.  

s t r o n g  l i n e  approximation. 

I 

I t  i s  assumed i n  t h i s  f i g u r e  t h a t  bo th  media can be r e p r e s e n t e d  by t h e  

Thus t h e  fo l lowing  c o n d i t i o n s  must bo th  be s a t i s f i e d :  

x c  > 2 ;  x, ' 2. 
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